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Invariance Theorems in Approximation Theory
and their Applications

Michael I. Ganzburg

Abstract. Let B be a closed linear subspace of a Banach space F and let {T;};cc be
a group of continuous linear operators 75 : F — F, where G is a compact topological
group. We prove that if f € F is invariant under {7 }sec, then under some conditions
on f, F, B, and G, there exists an element g* € B of best approximation to f that has
the same property. As applications, we compute the bivariate Bernstein constant for L
polynomial approximation of |x|* and solve a Braess problem on the exponential order
of decay of the error of polynomial approximation of |x — a|~*. Other examples and
applications are discussed as well.

1. Introduction

Let F be a Banach space with the norm || - || and let B be a closed linear subspace of
F. We denote the error of best approximation of an element f € F by elements from B
by

E(f, B, F):=inf || f —gllF.
geB

We say that g9 = go(f) € B is an element of best approximation to f € F (or a best
approximation of f € F)if E(f, B, F) = || f — gollF-

Let G be a topological group and let {7 }5c¢ be a group of continuous linear operators
T,: F > F,s € G,ie, T, =1, T, = T,T,, s € G, t € G, where e is the identity
element of G and [ is the identity operator. We denote by F© the set of all elements
f e F satisfying the condition Ty f = f for all s € G. In other words, FC is the
subspace of F of all f which are invariant under the group of operators {T;}sec.-

In this paper we discuss conditions on G, {T;}sc¢, F, and B that guarantee the impli-
cation

(1.1) feF’ = E(f B, F)=E(f,BNFSY F).

In addition, if there exists a best approximation of f € F G then under these conditions
there exists a best approximation of f which is invariant under {7};cc. These results
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play a significant role in approximation theory, especially in multivariate approximation,
because application of invariance theorems to multivariate problems often allows their
reduction to univariate ones.

Invariance theorems like (1.1) are typically applied to a group of continuous operators
T,y (x) = Y (sx),s € G, where G, is a compact group of continuous transformations
s Q, — Q, onasubset 2, of the m-dimensional Euclidean space R and i belongs
to a Banach space F of functions defined on 2,,. In this case, we say that F is the
subspace of all functions which are invariant under G,,.

It is well known that polynomials of best approximation to an even function on a
symmetric set about the origin €2,, € R”™ are even as well. In other words, if f is
invariant under the group G,, = {—e, e}, where e is the identity transformation on £2,,,
then polynomials of best approximation to f inherit the same property. The author and
Pichugov [23] extended this result to a general situation of a compact group of operators.

Theorem 1.1. Let G be a compact group and let a closed subspace B of F and {T}scq
satisfy the following conditions:

(1) forall g € Bandalls € G, T,g € B;
(2) forevery g € B, T,g is continuous in s as a function from G to B; and
G ITllrsr=1,5€G.

Then, for f € FO,
(1.2) E(f,B,F)=E(f,BNFY, F).

Some special cases of the theorem were recently discussed in [2]. Andreev and Yudin
[2], Xu [47], the author and Pichugov [23], and the author [17], [19] applied Theorem
1.1 to various problems of multivariate approximation.

Meinardus [28], [29, pp. 26—27] (see also Braess [9, pp. 4 and 195]) and Smoluk [38]
developed a different approach to invariance theorems. Under some conditions on F,
B and a linear operator A : F — F with ||A|lp—r < 1, they showed thatif f € F
satisfies Af = f, and if there exists an element gy € B of best approximation to f, then
there exists an element g* € B of best approximation to f such that Ag* = g*. Since an
efficient choice of A is possible only for some elementary examples, these results have
not found interesting applications in approximation theory.

In this paper we establish new invariance theorems and apply them to some problems
of approximation theory. The paper is organized as follows.

In Section 2 we first establish a different form of Theorem 1.1, which provides addi-
tional information on the existence of elements of best approximation (Theorem 2.1).
Next, we introduce additional notation and discuss invariance theorems in function spaces
with applications to approximation by trigonometric and algebraic polynomials and en-
tire functions of exponential type in rearrangement-invariant spaces such as L,(£2,,),
C(£2,,), and also Lorentz, Marcinkewicz, and Orlicz spaces (Theorem 2.2 and Examples
2.2 and 2.3).

In Sections 4-6 we establish strengthened invariance theorems for approximation
by algebraic polynomials and entire functions of exponential type finding the minimal
system of homogeneous generators of the algebra B N FY for some groups of linear
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transformations of 2,, € R” (Theorems 4.1, 5.1, 5.2, and 6.1). In addition, Sections
3—7 contain examples and applications of invariance theorems to several problems of
univariate and multivariate approximation. In particular, in Section 3, classical estimates
for coefficients of univariate trigonometric polynomials in the uniform and L,, 1 <
p < 00, metrics are extended to a shift-invariant Banach space of 27 -periodic functions
(Theorem 3.1).

In Sections 4 and 6 we discuss approximation of radial functions by algebraic poly-
nomials and entire functions of exponential type. As an application, we compute the
L-errors of best approximation of the function f; (x) := |x|" in the bivariate case (The-
orems 4.2 and 6.2). We also find the bivariate Bernstein constant for L-approximation.
Note that the problem of univariate polynomial approximation of |x |* has attracted much
attention since the 1910s [4], [6], [31], [34], [35], [45], [20] and revisited recently in
[22], [27], [24]. A criterion for the existence of the multivariate Bernstein constant was
given in [16]. We show in Sections 4 and 6 that, for A > 0, X #£ 2,4, ...,

(1.3)  lim n**2E(f;. Paa. Li(V2)) = E(fi. By,, Li(R?)

8lsin(r1/DIC (L +2) Y 2k + )73,
k=0

where V; is the unit ball in R?, P, , is the set of bivariate polynomials of degree at most
n, and By, is the set of all bivariate entire functions of exponential type with the spectra
in V2.

Polynomial approximation on the unit ball V,, and the unit sphere $”~! in R” is dis-
cussed in Section 5. As an application, we solve a Braess problem [10] on the exponential
order of decay of E( f3 4.2, Pn.2, C(V2)), where f; 4m(x) := lx—al™,x e R",a € R™,
A > 0, and |a|] > 1. In addition, we extend this result to f5 4 m, m > 2, A € R!,
A #0,—-2,...,a € R", and to the function log |x —a|. In particular, for |a| > 1,m > 2,
and A € R', A # 0, —2, ..., we prove the following inequalities (Theorem 5.3):

Ci(lal, n** Na|™ < E(frams Pom> C(V)) < Ca(lal, " Hal™,

A, A >0, . .
22, %<0 Note that Braess [10] established weaker estimates under

the conditions m = 2 and either |a|] > 3,2 > Oor |a|] > 1,0 < A < 2. We also prove
the following estimates form > 2, A < 0,and 0 < |a| < 1:

1.4) Cs(lal, Mn™ < E(fr.am> Pum> C(Vi)) < Ca(lal, )n™*,

where © = {

which are surprising for |a| = 1 since for m = 1 and |a| = 1, the lower estimate in (1.4)
is not valid.

In Section 7 we show that if a continuous function f € C(R™) depends only on the
variables xi, ..., xx, | <k < n, then there exists an entire function of exponential type
of best uniform approximation to f that has the same property.

Throughout the paper C is a positive constant independent of essential parameters and
C(qi,---,94),Ci1(q1,--.,94),Ca(q1, -..,q4), - .. denote positive constants that depend
only on the parameters gy, . . ., g4. The same symbol does not necessarily denote the same
constant in different occurrences. In addition, throughout the paper C” := R™ 4+ iR™ is
the m-dimensional complex space, and [x] denotes the largest integer n such thatn < x.
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2. Invariance Theorems for Banach Spaces

An Invariance Theorem for Compact Groups. The following invariance theorem
holds.

Theorem 2.1. Let G be a compact group and let a closed subspace B of a Banach
space F and {T}scc satisfy the following conditions:

(1) forallg € Bandalls € G,T;g € B;
(2) forevery g € B, T;g is continuous in s as a function from G to B; and
G ITllrsr=1,5€G.

If there exists an element gy € B of best approximation to f € FO, then there exists an
element g* € B of best approximation to f which is invariant under {T;}scc-

Proof. Since G is compact, there exists the Haar measure w(s) on G with u(G) = 1.
Then condition (2) implies the existence of the integral

@.1) g = / T, 50 du(s)
G

(see [37, Theorem 3.27]). Moreover, since B is a closed subspace of F, condition (1)
shows that g* € B [37, Theorem 3.27]. Next, for any ¢ € G, we have

ng*=/ Engodu(S)=/ Tygodu(s) = g",
G G

where the first equality is proved in [12, Theorem 3.2.19(c)] and the second one follows
from the invariance of the Haar measure. Therefore, g* € B N FY. Finally, using the
generalized Minkowski inequality and condition (3), we obtain, for f € F G

If—g"llr = H/ T;(f — go)du(s) 5/ ITs(f — g0l da(s)
G F G
< If — gllr = E(f, B, F).
This completes the proof of the theorem. [ ]

Remark 2.1. The proof of Theorem 2.1 is similar to that of Theorem 1.1 and is based
on the existence of integral (2.1) in the case of a compact group G. In the case of a
locally compact group G, integral (2.1) in general does not exist so the construction of
an element g* € BN FY of best approximation to f € FY is more technical and requires
more conditions on G and {7}};cs. The corresponding general result will be discussed
in other paper; however, an example of invariance theorems for locally compact groups
is presented in Section 7.

Remark 2.2. Itis possible to generalize Theorems 1.1 and 2.1 in the following way. Let
h : G — {—1, 1} be acontinuous homomorphism from a group G to the group {—1, 1}.If
a group of operators {7 } ;< satisfies the conditions of Theorems 1.1 or 2.1, then the group
of operators {h(s)T;}scq satisfies the same conditions. Therefore, by these theorems, if
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f e FhG ={g e F:g="h(s)T,g, s e G}, then E(f, B, F) = E(f, BN FC, F), and
if there exists an element gy € B of best approximation to f € FhG, then there exists an
element ¢g* € B of best approximation to f which is invariant under {h(s)T;}scc-

These results are formally stronger than Theorems 1.1 and 2.1, which follow for
h(s) = 1, s € G. In addition, these statements give a wide generalization of the well-
known result that polynomials of best approximation to an odd function on a symmetric
set about the origin €2,, € R™ are odd as well. A different generalization of this result
was established in [28], [29, Theorem 2.7].

Existence of Elements of Best Approximation. Here, we discuss some conditions on
B that guarantee the existence of go € B in Theorem 2.1. It is well known that if B is
a finite-dimensional or approximately compact subspace, then for every f € F there
exists an element gy € B of best approximation to f [43, p. 28], [14]. Below we define
two other generalized compactness conditions (GCC and GCC*) on B, which are more
suitable for our applications, and study their properties.

Definition 2.1. We say that a subspace B of a normed space F satisfies the GCC if
there exists a sequence of semi-norms {|| - || r, ,,};‘;1 in F such that, for every f € F,

(2.2) sup [ fllr.p = I1fllFs
P

and for every sequence g, € B, n = 1,2,..., with sup, ||g,|lr < oo, there exist a
subsequence {g,, };2, and an element g* € B satisfying the relation
(2.3) lim ||g* — gnllF., =0, p=12,....

k—o00
Definition 2.2. 'We say that a subspace B of a normed space F satisfies the GCC* if, for
every sequence g, € B,n = 1,2, ..., withsup, | g.,||F < oo, there exist a subsequence
{8, )72, and an element g* € B such that for all f € F, the following inequality holds:
2.4) If = &"lr < timinf |1 f = g, I

Remark 2.3. It is well known that B satisfies the GCC with || fllr,, := | fllr, P =
1,2,..., f € F,if and only if B is a finite-dimensional space [37, Theorem 1.22].
Examples of subspaces of infinite dimension, satisfying the GCC, will be discussed in
Remark 2.5.

The following statement shows that the GCC* is a weaker condition than the GCC.

Proposition 2.1. If a subspace B of a normed space F satisfies the GCC, then B
satisfies the GCC*.

Proof. Let B satisfy the GCC and let {g,}°2 , be a bounded sequence in B. Then, by

n=1

Definition 2.1, there exist a subsequence {g,,}72; and g* € B such that (2.3) holds.
Consequently, taking account of (2.2), we obtain, for every f € F,

If —&"llF =supllf —g"llr,, <supliminf||f — g, lIF, <liminf || f — gulIF.
P P k—o00 k—o00

Therefore, the GCC* is satisfied with g* and {g,, }72, from the GCC. [ ]
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Next we prove that both conditions guarantee the existence of an element of best
approximation to any f € F.

Proposition 2.2. If B satisfies either the GCC or GCC*, then for every f € F there
exists g* € B satisfying E(f, B, F) = || f — g*||F-

Proof. Due to Proposition 2.1, it suffices to prove the proposition in the case when B
satisfies the GCC*. Let f € F and let g, € B satisfy the inequality

I f —gullr < E(f, B, F)+n", n=12,....

Then sup, l|g.llF < 2|l fllr + 1 and, by the GCC*, there exist g* € B and a subsequence
{gn )32, such that (2.4) holds. This implies that || f — g*||r < E(f, B, F). Therefore,

g* is an element of best approximation to f. [ ]
Further, we discuss special cases of Theorem 2.1 for Banach function spaces.

Groups, Spaces, Subspaces, and Sets. All our examples are special cases of the
following situation.

Let F be a Banach space of functions defined on a subset €2,, of the m-dimensional
Euclidean space R™ and let G = G,, be a compact group of transformations s : €2,, —
2,, with the identity transformation e. In the capacity of 7, we consider either Ty (x) =
Y(sx)or Ty (x) = h(s)y(sx), ¥ € F,where sx is the image of x € Q,, andh : G, —
{—1, 1} is a continuous homomorphism from G,, to the group {—1, 1} (see Remark 2.2).
In the case T,/ (x) = ¥ (sx) and f € F%, we say that f is invariant under G,,.

We assume that the norm in F is invariant under G,,, that is, for all f € F and all
s € G, the equality || f(s-)||r = || f|lr holds, which implies || Ts||r—r = 1, 5 € G,
In particular, F is invariant under G,, when F' = F(2,,) is a Banach rearrangement-
invariant space of measurable functions on a closed set €2,, € R™ [13, Sec. 2.2], [26,
Sec. 2.4] and G, is a group of measure-preserving transformations such as linear trans-
formations sx = A(s)x + x*(s), where A(s) is an m x m matrix with |det A(s)| = 1
and x*(s) e R, 5 € G,.

Examples of such spaces include the space C(£2,,) of all continuous functions on
Q,, with the finite norm || f[lc(,) := supg, |f1; the space L,(2,), 1 < p < oo, of
all measurable on 2, functions with the finite norm || fll,(,) = (fo, 11" dx)/r;
and also Lorentz spaces Ly (£2,,), Marcinkiewicz spaces M (£2,,), and Orlicz spaces
Oy (£2,,) [13, Sec. 2.2], [26, Sec. 2.5]. In the univariate case, we use notation C[a, b] :=
C(la, b)), Lyla, bl :== Ly([a, b]).

Let Z™ be a set of all vectors « = («y, ..., ®,) with integral coordinates, |«| :=
Z;”Zl o, 2] ={a € Z" :a; > 0,1 < j < m}, T" the m-dimensional torus, and let V
be a convex centrally symmetric (with respect to the origin) body in R™.

In our examples and applications, we discuss the following traditional subspaces
of algebraic and trigonometric polynomials and entire functions of exponential type
in classic approximation theory. Let P,,, be the set of all algebraic polynomials
Px) = Zaez'ﬁ,\a\gn CeX{' ... xZm in m variables with real coefficients of degree
at most n and 7y the set of all real-valued trigonometric polynomials
T(x) =Y yevnzn Ca €Xp(—i D_i_; &;x;) of m variables with their spectrain V.
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Finally, let By be the set of all real-valued entire functions g of exponential type in m
variables satisfying the inequality

1g(2)| = C(e, g) exp ((1 +¢) Su‘[; |, Z)l)

forall z = (z1,...,zm) € C™ and any ¢ > 0 (see [39, Sec. 3.4]); here, (¢,z2) =
Z;.":l t;z;. In particular, for m = 1, V is a closed interval [0, o] and we set B, :=
Bi_s.01, 0 > 0. Itis clear that 7y < By.

Throughout the paper we shall use the following groups G,, and sets £2,,,.

Let D(m) be the group of all rotations (about the origin) of R™. We identify D (m)
with the group of all m x m orthogonal matrices which is isomorphic to D(m) since
s € D(m) if and only if sx = A(s)x, where A(s) is an m x m orthogonal matrix with
|det A(s)| = 1.

Let D(m, a) be the group of all rotations (or m x m orthogonal matrices) s satisfying
the condition sa = a, where a # 0 is a fixed vector from R™. For example, if a =
(cosy,siny), then D(2,a) = {I, A, }, where I is the 2 x 2 identity matrix and A, :=

cos2y sin2y
sin2y —cos2y |’

Next, let V,,(p) := {x € R" : |x]| < p} be the ball of radius p, V,, := V,,,(1) the unit
ball in R”, and ! = {x € R™ : |x| = 1} the unit (m — 1)-dimensional sphere in R™,
m > 2. Finally, note that xq denotes the characteristic function of a set €.

Remark 2.4. Throughout the paper polynomial approximation on £2,, C R™ means
approximation by the restrictions of polynomials to €2,,,.

An Invariance Theorem in Banach Function Spaces. In the case of Banach function
spaces, condition (2) in Theorem 2.1 can be replaced by a simpler condition. Let 2,,,, G,
and T be defined as in the previous subsection. Then the following invariance theorem
for a Banach function space F holds.

Theorem 2.2. Let G,, be a compact group of transformations on 2, € R™ and let F
be a Banach function space with the norm invariant under G,,. In addition, let a closed
subspace B of F and G, satisfy the conditions:

(1) forallg € Bandall s € G, g(s-) € B;

(2') for every g € B and each x € Q,,, the linear functional g(sx) : G,, — R is
continuous in s € G, ;

Q) Il r>Fr=1,5 € G;and

(4) B satisfies the GCC (see Definition 2.1).

If f € FO, then there exists a function g* € B of best approximation to f which is
invariant under {T}scqG,,-

Proof. Let 7§ be defined by Ty (x) = ¥ (sx) or Ty (x) = h(s)y(sx), where € F,
s € Gy, x € Qy,and h : G,, — {—1, 1} is a continuous homomorphism from G,, to
the group {—1, 1}. Next, by condition (4) and Proposition 2.2, there exists an element
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go € B of best approximation to f. Further, by condition (2’), T;go(x) is continuous
as a function from G,, to R! for each x € ,,, that is, T,gy € C(G,,). Since G,, is a
compact group, there exists the only Haar measure w(s) on G,, with u(G,,) = 1 such
that the integral g*(x) := me Tsg0(x) du(s) exists [37, Theorem 5.14]. In addition,
g* € B by [37, Theorem 3.27], and the proof of the relations g* € B N F% and
E(f,B,F) = |f — g"|lF is similar to that of Theorem 2.1. [ ]

The following example shows that in some cases condition (2') in Theorem 2.2 is less
restrictive than condition (2) in Theorem 2.1.

Example 2.1. Letm =2, F = CR?, Q2 =R% B = Bp N C(R?), where Q=
{x = (x1,x2) € R? : |x1] < 1, |x2] < 1} is the unit square, and let G, be the group of all
proper rotations s of R? about the origin through angle y € [0, 27), that is, sx = A, x
with

__|cosy —siny
Ay = [siny cosy i|’ v €10.2m).

For any entire function g € By N C(R?) of exponential type, the function
g(sx) = g(x1cosy — xpsiny, xy siny + x; cos y)

is continuous in y € [0, 2) for each fixed x € R?. Thus condition (2') is satisfied. Next
we show that g; (sx) is not continuous in y as a function from G, to Bo N C (R?), where
g1(x) :=sinx; sinx; € Bp N CR?).

Let us set
265p + 1) ) w, ~ 1 in 2
Uu, .= s .= arccos — arcsin .
pi=20P vp e g

0<y(p) <m/2, p=0,1,....
Then uf, + 1 is divisible by 5 and we set k, := (ui + 1)/5. Further, setting x;(p) =
x2(p) = kpm and x(p) := (x1(p), x2(p)), we have
1g1(x(p)) — 81(Ay (X (P))]
= [sin[cos(y (p))x1(p) — sin(y (p))x2(p)]

x sin[sin((y (p))x1(p) + cos(y (p))x2(p)]l

) n(uf, —2u,—-1) . n(ui +2up, — 1)

sin 5 sin 5

= sin(r/5) sin(27/5) > 0.5.

Thus lim,_, ¥ (p) = 0, while, foreach p =0, 1, .. .,

sup |g1(x) — g1(Ay(»X)| = [g1(x(p)) — g1 (A, (px(p))| > 0.5.

xeR?

Therefore, condition (2) is not satisfied.
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Examples of Special Invariance Theorems. Here, we consider two examples of spe-
cial invariance theorems for rearrangement-invariant spaces, groups of linear transfor-
mations, and subspaces of algebraic polynomials and entire functions of exponential

type.

Example 2.2. Let 2, be a compact set in R”, F(£2,) a Banach rearrangement-
invariant space, and B = P, ,,. It is easy to see that P, ,, is invariant under any compact
group G, of linear transformations sx = A(s)x + x*(s) : Q,, — Q,,, where A(s) is
an m x m matrix with |det A(s)| = 1, x* € R™. Thus condition (1) of Theorem 2.2
is satisfied. Since polynomials from P, ,, and linear transformations s are continuous
functions, condition (2') of Theorem 2.2 is satisfied as well. Further, if 7 is defined by
Ty (x) = ¥ (sx), where ¥ € F,s € G, x € Q,, then condition (3) of Theorem 2.2
is satisfied since F' = F(£2,,) is a Banach rearrangement-invariant space. Furthermore,
Pn.m is a subspace of finite dimension of any Banach rearrangement-invariant space
F(R2,,) so B satisfies the GCC (see Remark 2.2). Thus, condition (4) of Theorem 2.2
is satisfied. Therefore, Theorem 2.2 implies the following result: for every f € F(£2,,)
invariant under G,, there exists a polynomial P* € P, , of best approximation to f
invariant under G,,.

Example 2.3. Let ©,, = R" and let G, be a compact group of linear transformations
sx = A(s)x + x*(s) : R" — R™, where A(s) is an m x m matrix with |[det A(s)| = 1
and x*(s) € R", s € G,,. Let V be a convex centrally symmetric (with respect to the
origin) body in R™ satisfying the following.

Transpose Condition (TC). (A(s))"x € V forany s € G,, and any x € V, where
(A(s))7 is the transpose of A(s).

We assume that F(R™) is a Banach rearrangement-invariant space satisfying the
following.

Uniform Extension Condition (UEC). For any increasing sequence of measurable
sets {M,,}°2 | with |-, M, = R" and, for every f € F(R™),

2.5 Im lLfran) = 1 TE@e).-
Then the following result holds.

Corollary 2.1. For every f € F(R™) invariant under G,, there exists a function
g* € By of best approximation to f invariant under G,,.

To prove the corollary, we need some properties of entire functions of exponential
type.
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Lemma 2.1. Let F(R™) be a Banach rearrangement-invariant space. Then the follow-
ing statements hold:

(a) If g € By N F(R™), then || gllcrmy < ClIgllrrm), where C is independent of g.
(b) Let g, € By satisfy the inequalities ||gnllcrmy < 1, n = 1,2,.... Then there
exist a subsequence {g,,}72, and a function g* € By N C(R™) such that

(2.6) kli)r{.lo gn (%) = g*(x)

uniformly on any compact in R™.
(c) The set By N F(R™) is closed in F(R™).

Proof. Statements (a) and (b) are proved in [21, Theorem 5.2] and [15, Lemma 2],
respectively. Next, let lim, . g, — follrw»y = 0, where g, € By N F(R™), n =
1,2,...,and fy € F(R™). Then using statements (a) and (b), we can find a subsequence
{gn, )72, and a function g* € By NC(R™) such that (2.6) holds uniformly on any compact
K C R™. Then we have

I(fo— 8 xxllrmm < klifglo(||f0 — g llreny +Cllg" — gnllcx)) =0,

where C depends only on K and F(R™). Hence fy(x) = g*(x) a.e. on K and since K
is an arbitrary compact, we obtain that fy(x) = g*(x) a.e. on R™. This proves statement
(c) of the lemma. [ |

Proof of Corollary 2.1. 'We shall show that all conditions of Theorem 2.2 are satisfied.
We first note that B N F(R™) is a closed subspace of F(R™), by Lemma 2.1(c). Next,
if sx = A(s)x 4+ x*(s), then for every g € By N F(R™), the function g(s-) is an entire
function and, for each z € C™ and any ¢ > 0,

lg(s2)] = |g(A()z + x" ()] = C(e, g, V,x"(s))exp | (1 + &) sup|(z, A(S)Z)I]

teV

C(e, g, V,x*(s))exp | (1 +¢&)sup|((A(s)t, z)l]
L tev

C(e, g, V,x*(s))exp | (1 4 &) sup|(z, z)l],
teV

IA

by the TC. In addition, ||g(s-)|F®n) = llgllF®m. Thus g(s-) € By N F(R™) and
conditions (1) and (3) of Theorem 2.2 are satisfied for B = By N F(R™). Moreover, it
is easy to see that condition (2') of this theorem is satisfied as well.

Further, we introduce a sequence of semi-norms on F'(R™) and study their properties.
Let us set

1A @y p = I XV lF@ny = I E@, 0 feFR"), p=12...
Then the UEC implies
2.7 sup | fllrmy,p = I f I remy-
p
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Next, for every sequence g, € By N F(R™),n =1,2..., withsup, lIgxll rrm) < 00,
we have by statements (a) and (b) of Lemma 2.1 that there exist a subsequence {g,, }72 |
and a function g* € By N C(R™) such that (2.6) holds uniformly on any compact in R™.
Moreover, by Lemma 2.1(a),

(28) klinolo ”g* _gnk”F(R’”),p < Ckll>n010 ”g* _gnk”C(Vm(p)) :Ov p= 1721""

where C depends only on m, p, and F(R™).

Relations (2.7) and (2.8) show that the subspace By N F(R™) satisfies the GCC (see
Definition 2.1) so condition (4) of Theorem 2.2 is satisfied. Therefore all conditions of
Theorem 2.2 are satisfied and Corollary 2.1 follows from Theorem 2.2.

Remark 2.5. If a Banach rearrangement-invariant space F(R™) satisfies either of the
following conditions, then the UEC is satisfied.

Fatou Condition [26, Sec. 2.0.3]. For any sequence of functions {f,}7°, satisfying
sup,, || fullFrmy < 00, the convergence lim,_, f,(x) = f(x) a.e. implies that f €
FR™) and || fll pwry < liminfy— oo [/ ll Fm).-

Regularity Condition [26, Sec. 2.0.3]. For any decreasing sequence of measurable
sets {M,}°° | with (72, M,, = @, and for every f € F(R™), lim,_co || fllFum,) = O.

Indeed, let {M,};2, be an increasing sequence of measurable sets, Uzoz M, =R".
If F(R™) satisfies the Regularity Condition, then

(2.9) I fllrny = limsup | fllFm,y = liminf || £l Fm,)
n—00 =00
> lim (| fllrwmy — 1 f Il FRr—m,))
n—oo

= [ fllF®m-

If F(R™) satisfies the Fatou Condition, then using the relation lim,_, o f(x)xa, (x) =
f(x) a.e. on R, we obtain

(2.10) Il pey = Timsup || £l pa,y) = Uminf | £llro) = 1 ITr@n-

n—o00o
Thus (2.9) and (2.10) imply (2.5).

In particular, the spaces L,(R™), 1 < p < oo, satisfy the Regularity Condition,
therefore they satisfy the UEC. The space C(R™) does not satisfy both conditions.
Nevertheless, it is easy to see that C(R™) satisfies the UEC.

In addition, note that subspaces By N F'(R™) of F (R™) provide examples of subspaces
of infinite dimension satisfying the GCC.

3. An Extremal Problem for Trigonometric Polynomials

Though invariance theorems are mostly applied to problems in multivariate approx-
imation theory, the following example shows that they can be efficient in univariate
approximation as well.
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We consider a problem of finding a trigonometric polynomial

0(x) =ap+ Z(al coslx + by sinlx)
I=1

with minimal || Q|| r provided that either ay = 1 or by = 1 where k, 0 < k < n, is a fixed
integer. Here, F is a Banach space of 27 -periodic univariate functions that contains all
trigonometric polynomials Q. We also assume that F is a shift- and symmetry-invariant
space, that is, if f(x) € F,then f(x +y) € F, f(—x) € F,and || f(x + y)|Fr =
lf(=x)|lF = | fllF forall f € F and each y € [0, 27).

In the case F = C(T'), the problem was posed by Bernstein [5, pp. 29-31] who
obtained some estimates and asymptotics. A general approach to this problem for
F = C(T") (even in more general settings) was developed by Rogosinski [36] who,
in particular, reduced it to the case k = 1. The complete constructive solution for the
uniform norm was found by van der Corput and Visser [11] for n/3 < k < n and by
Mulholland [30] for O < k < n/3. Rahman [32], Taikov [42], and, more recently, Ash
and the author [3] discussed similar problems in L,-metrics, 1 < p < oo; see [33,
Secs. 16.1, 16.2] for more generalizations and discussions. The proofs of the mentioned
results are chiefly based on the standard criteria for such extremal problems. In this
section we solve the problem for general F' and n/3 < k < n, by using Theorem 2.2. In
addition, we use Theorem 2.2 to reduce the L, (T")-problem to the case k = 1.

Theorem 3.1. Set N := [(n + k)/2k]. Then the following statements hold:
(a) for1 <k <n,

IIlll’l = min
min Q] = min [1Q]lr

N

= f kx — P k2j—1 ;

o 11121<1<N cos kx Z;Czj 1 cos(k(2j )x)
j= F
() forn/3 <k <n,
mln ”Q”F— rnln ”Q”F— [coskx||F;

{Q
(¢) in particular, for F = L,(T"), 1 < p < oo,

(nin QM = min Y@L,

infe,, | 2<j<n ||COSX—Z]N:2 c2j-1008((2j =D)L, ry, 1=<k=<n/3,
al(p+1) \7

2-10(p/2+1)2)

lcos x|,y = < n/3<k<n.

Proof. Statement (c) is a direct consequence of statements (a) and (b). To prove state-
ment (a), we first establish the following equalities for 1 < k < n:

3.1 mln ”Q”F— IIQIIF—E(Coskx B, F),
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where B is the linear set of all trigonometric polynomials of the form g(x) =
> 1o, 1zx (@ coslx + by sinlx). Indeed, let Q*(x) = aj + Y_)_,(a coslx + b} sinlx)
be an extremal polynomial satisfying || Q*||r = mingg.q,=1) | Q|| r. Then

min =[1Q0"(x —/(2k > min _
in, Qe =1Q°(x = 7/@kDllr = min, 1101l

The inequality mingg.q,=1 | QllF < mingg.s,=1; [| Q| r can be proved similarly. Next, for
some y € [0, 27) and some Q; € B,

10*IIF = V1 + b2 costkx — y) — Q1(x)||r > E(coskx, B, F),

while the inequality || Q*||r < E(coskx, B, F) is trivial. Thus (3.1) holds.

Further, the function f (x) := cos kx iseven, 2 / k-periodic, and satisfies the condition
cos(k(27Pm — x)) = —coskx, where k = 2Pk and k; is odd. Thus f is invariant under
the following three finite groups of operators: 7)) : F — F, 1 <i < 3, where

TOY) =y6x),  seGi={e. A}
T2y (x) := ¥ (sx), s€ G i=le An . AT
TOY () ==y (sx),  seGy i={e, As), VeFr.

Here, e is the identity transformation and transformations A;, 1 <i < 3, are given by
Ax = —x, Aox 1= x 427/ k, Asx :=2"Pm —x, x eT.

It is easy to see that all conditions of Theorem 2.2 are satisfied since B is a finite-
dimensional subspace of continuous functions in F and, in addition, B is invariant under
the transformations A; with ||T”||r.r = 1,1 < i < 3. Therefore, by Theorem 2.2,
there exists an even and 277 / k-periodic polynomial g*(x) = co+ Z,[i/zk] cicos(klx) € B
of best approximation to cos kx in the metric of F. In addition, this polynomial satisfies
the condition g*(277m — x) = —g*(x), that is,

[n/k]
2¢0 + Z a((=D' + 1) cos(klx) = 0, x €T
=2

Hence ¢o; = 0,0 < j < [n/k]/2, so g"(x) = Z,N=2 c2j—1cos(k(2j — 1)x). This
establishes statement (a). In particular, N < 2 if n/3 < k < n. Therefore, g*(x) = 0
for all x € [0, 2m) if n/3 < k < n. This yields statement (b). ]

4. Polynomial Approximation of Radial Functions and the Bernstein Constant

An Invariance Theorem. Many radial function such as the Poisson kernel associated
with the upper half-plane, the Gauss—Weierstrass kernel, the Bessel-Macdonald kernel,
and the fundamental function for the iterated Laplace operator, play an important role in
multivariate analysis. The following result shows that polynomials of best approximation
to radial functions are radial as well.
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Theorem 4.1. Let F(V,,) be a Banach rearrangement-invariant space of functions
on the unit ball V,, and let f(x) = ¢(|x|*) € F(V,) be a radial function on V,,,
where ¢ : (0,1) — R! is a function of a single variable. Then there exists a poly-
nomial P* € P, of best approximation to f of the form P*(x) = Pi(|x|*), where
P, € ’P[n/z],].

The theorem follows immediately from Example 2.2 and the following well-known
characterization of polynomials invariant under D(m) [39, Lemma 4.2.11].

Proposition 4.1. If P € P, , is invariant under the rotation group D(m), then P(x) =
P, (|x]?), where P; € Pinjai-

In particular, Theorem 4.1 holds for F'(V,,)=L,(V,,), 1 <p <oo, where L (V,) =
C(V,,). In this case, Theorem 4.1 is well known to approximation analysts.

The Bernstein Constant in L;(V,). We shall apply Theorem 4.1 to the multivariate
Bernstein constant B;, ,, ,, defined by

(41) B)»,p,m := lim nk+m/pE(f)»,mv Pn,m» Lp(Vm))v
n—o0

if the limit in (4.1) exists. Here, and in the sequel, f; ,(x) := |x]*, x € R™.

In his celebrated papers [4], [6], Bernstein proved that the limit in (4.1) exists in the
case m = 1, p = oo, and A > 0. This result and Theorem 4.1 immediately imply a
multivariate version of the Bernstein asymptotic:

42) Tim 2" E(fin Pa. C(Vi)) = Broo. 4 >0,

i.e., By.con = B .1, m > 1. Indeed, by Theorem 4.1,

(4.3) E(fims Pom> C(Vy)) = inf  max |(|x|D)™? — Pi(|x]%)]
P]GP[”/QM XEV,”

= inf max |[I"? = P, (1)
P1€'P[n/2]11 ZE[O,I]

= E(fi,1, Pouso1, C[—=1, 1]).

Thus (4.3) and the Bernstein asymptotic imply (4.2).
Nikolskii [31] established an integral representation for B) ; 1, A > —1, and showed
that, for odd A,

4.4) By11 = B/m)sin(rA/2) [T+ 1) Y (=DF 2k + D72
k=0

Bernstein [8] later noted that (4.4) holds for all A > —1. More information on the
Bernstein constants B; ,; can be found in recent papers by Lubinsky [27] and the
author [22].

In the following theorem, we compute E(f5 2, Pn.2, L1(V2)) and By .
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Theorem 4.2.
(a) For =2 < » <2[n/2],A#0,2,...,

4.5)  E(fr2, Pu2, L1(V2))

(y +/y2 + D2/ 1>dy

o0
— 4si A/2 )lel
[sin(r A/ )l/(; y© log (y + /)2 + D222 |

() Forx > —-2,L#0,2,...,

(4.6) Biiz = lim n*2E(fi 2. Pua. L1(V2))

8sin(wA/2)|T (A + 2) Z(Zk + 1),
k=0

To prove this result, we need a Markov-type theorem on polynomial L, [0, 1]-approx-
imation with the weight ¢.

Proposition 4.2. Let ¢ : (0, 1) — R! satisfy the condition o*+V(t) £ 0,1t € (0, 1).
IFO(1) == (1) € Ly,[0, U with ||kl j0.11 == fy |h(@)]t dt, then

1
@.7) E(@, P, . Li,[0, 1]) = / 10 (1) sign Usesa (1) dt |
0

where Uy (t) := sin((N + 1) arccos 1) /+/1 — t2 € Py 1 is the Chebyshev polynomial of
the second kind and Py, , is the set of all even polynomials from Py ;.

Proof. We first note that by the substitution > = (1 4 x)/2, we have
(4.8) E(®, Py 1. L1410, 1]) = (D E(p((1 +)/2), Pix, Li[—1,1]).

Since (d/dx)** ' [e((14x)/2)] # 0 for x € (—1, 1), we obtain by the classical Markov
theorem [43, Sec. 2.8.11], [1, Sec. 51],

1
4.9 E(p((1+)/2), Pr1, Li[—1,1]) '/ @((1 +x)/2) sign Ug41(x) dx
-1

4

1
/ 1®(t) sign Uppy (2> — 1) dt
0

Taking account of the identity U, @22 —1) = Usyut1(t)/(2t), we arrive at (4.7) from
(4.8) and (4.9). [ |

Combining Theorem 4.1 and Proposition 4.2, we obtain the following bivariate version
of Markov’s theorem for radial functions.
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Proposition 4.3. Letg : (0, 1) — R! satisfy the condition o™/ V(1) £ 0,1 € (0, 1).
If f(x) = @(Ix|*) € L1(V2), then

1
ECf, Pons Ly(V2)) = 27 / 10(1%) sign Uspnyayaa(t) dt |
0

Proof of Theorem 4.2. Setting ¢(¢) = t*/> we have, by Proposition 4.3,

1
(4.10) E(fi2: P, Li(V2)) =27 / " sign Unpuyopga (1) di |
0

To compute the integral in the right-hand side of (4.10), we shall use the following
relation:

1
4.11) ‘/ (1 —x)!sign Uy (x) dx
-1

_ 2Isin(wp/2)] /w(u Y log ((u +Vu? — VN2 4 1)du
T ) (u+VuZ —HN+2 -1 ’

N >Reu > —1.
To prove (4.11), we first note that the Fourier expansions

. 4 & sin(2k + 1)(N +2)t
signsin(N + 2)t = - Z K1

’

k=0

_sint >
! Z —Vu? = DFfsinks, u>1,
k=1

u—cost
and the Parseval identity imply

/‘1 sign Uy 11 (x) dr — [” sint sign sin(N + 2)t dt
-1 0

4.12)

u—x u — cost

u > 1.

— 210 ((u+ / )N+2+1>
- (U4 Vu2 —1)N+2 -1

Further, for a complex number y with —1 < Reu < O and forx € (—1, 1), u > 1, we
have

4.13) (1-x)" = SIH(W) /°° w=D"

u—x
Combining (4.12) with (4.13) and using the Fubini theorem we obtain, for —1 < Re u <
03

1
4.14) / (1 — x)" sign Uy .41 (x) dx
-1

_ 2sin(um) /00(”_1)”10 ((u—i—«/ )N+2+1)d
R, N+ V-1
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Since both expressions in the left- and right-hand sides of (4.14) are analytic functions
in u for N > Re > —1, the uniqueness of the analytic extension implies that identity
(4.14) holds for any complex p with Re u € (—1, N). Thus (4.11) follows.

Next, making the substitution x = 1 — 2¢2 we have, for une(=1,N),

— 2/L+2

1
/ 1?4 sign Uy o3(1) dt

1
4.15) ‘f (1 —x)*signUy41(x) dx
—1 0

Finally, setting u = A/2, N = [n/2], we obtain, from (4.10), (4.11), and (4.15) for
—2 < A < 2[n/2],

1
E(fo2. Paz. Li(V2)) = 271742 f (1 = ) sign Upyayn (x) dx
—1

> 2 _ 1)[n/21+2
27 sin(wA/2)| / - m/zlog((“m) + 1>du
1

(u + /u? — 1)[n/2]+2 -1

Al 0o l (y 4+ /y2 + 12242
[sin(wA/2)] v log d
0 (y + /y2 + 1)2([”/2]+2) —1

Thus (4.5) follows. Note that (4.5) holds trivially for . =0, 2, ..., 2[n/2] — 2, as well.
(b) We first find the asymptotical behavior of

Y e +V/yr+ DY +1
VM = ¥y log dy
0 V+Vy2+DM -1

as M — oo. By the substitution v = y 4+ /y% + 1 we have, for M > A + 3,

o0 2
4.16)  yy = 2—*—2/ v 3+ D2 — DM og (1 + — 1>dv
1 v =

1+M~23 00
_ 2_H< / N / ) = 2721 (M) + L(M)).
1 1

+M-23

To estimate I;(M) and I,(M), we need the following elementary inequalities for
yelo,M'P], M =1,

A17) vy > (14 y/ MM > 2=7/CM) 5 oy=1/CM) o (1 _172MM))e”.

Then using (4.17) we have, for M > |AL + 1| + 2,

(4.18) L(M) < 2 /1 fM_m U_A_3(U2;Wli(f L N
< Cy (WM max or e
- v=1+m-23 vM — ]
< C2()\.)M2M+1|/3((1 + M72/3)M _ 1)71
< Gy )M exp(— M1,
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Next, by the substitution v = 1 + y/M, we obtain
(A4 y/M)* + D((1 + y/M)* — )M
x log(1 +2/((1 + y/M)M — 1))
(14 y/M)*+3

MY
4.19) L(M) = M—‘/ dy.
0

It is easy to see that uniformly, for y € [0, M 173,

(4.20) (14 y/M)7 (1 + y/M)* + 1) =2(1 + 0O(M2P)),
(4.21) (14 y/M)? — D = /M)y 1 + oMm~23y).

In addition, the following asymptotic follows from (4.17):
(4.22) (I +y/MM =e¥(1 + oM™ '3))

uniformly for y € [0, M'/3] as M — oo. Thus, it follows from (4.19)—(4.22) that

2)\.+2 M3 e +1
I(M) = W/o ¥ log (m) (I +Yy(y)dy,

where sup,cjg y15) [Wm (¥)| = o(1) as M — oo. Hence,

A2 M3 ,
(4.23) LHh(M) = (1+o0(1)) (%) f ¥ log (ey,H)dy
0

e’ —1

o) A2 o0 e’ +1
= (1+o0(1) (M) f Y+ log (ey 1) dy, M — oo.
A -

Then taking account of the formulas

* e’ +1 o 1 [ a —akany
(4.24) f yrt log< )dy =2 (2k+1)" / Y= @Dy gy
0 k=0 0

ed —1

P +2) Y @k + 1),
k=0

we obtain, from (4.16), (4.18), (4.23), and (4.24),

o.¢]
(4.25) lim M2y, = 2T (. +2) Z(Zk + 1) 3,
M—o0 =0
Finally, setting M := 2([n/2] 4 2), we arrive at (4.6) from (4.5) and (4.25). |

Remark 4.1. The method of the proof of Theorem 4.2 can also be applied to other
bivariate radial functions such as |x|* log |x|, A > —1, and (1 + |x|®)~".

Remark 4.2. We believe that computation of the constants E ( f3 u, Pu.m, L1(V,,)) and
B; 1.m for m > 2 is a difficult problem since the corresponding Markov-type theorems
with the weight |¢|"~!, m > 2, do not give explicit expressions for these constants.

|
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5. Polynomial Approximation on the Unit Ball and
the Unit Sphere and a Braess Problem

Invariance Theorems. We first prove a more general version of Theorem 4.1 and then
discuss polynomial approximation on the (m — 1)-dimensional sphere S"~! in R™,
m > 2. Throughout this section we shall use the notation (x,a) := Zl'."zl x;a; for
x e R"anda € R™.

Theorem 5.1. Let F(V,,) be a Banach rearrangement-invariant space of functions on
the unit ball V,, and let f(x) = ¢(|x|?, (x, a)) € F(V,,), where ¢ : [0,1] x [—1, 1] —
R! is a function of two variables and a € R™, a # 0, is a fixed vector. Then there exists a
polynomial P* € P, ,, of best approximation to f of the form P*(x) = P(|x|?, (x, a)),
where P, is a polynomial of two variables.

To prove the theorem, we need the following representation for polynomials invariant
under the compact group D(m, a), a # 0, of all rotations with a fixed point a.

Proposition 5.1. If P € P, is invariant under D(m,a), a # 0, then P(x) =
P>(|x|%, (x, a)), where P, is a polynomial of two variables.

Proof. We first assume that a = ce; = ¢(1,0, ...,0), where ¢ € R!, ¢ # 0. Then
any rotation about the x;-axis belongs to D(m, ce;), that is, if sx = (x1, x5, ..., x,,),
where the transformation (x, ..., x,) — (x5, ..., x,,) is a rotation about the origin of
the (m — 1)-dimensional subspace {x € R” : x; = 0} of R”, then s € D(m, cey).

Next we note that polynomials x{‘, k = 0,1,..., are invariant under D(m, ce;).
In addition, since P is invariant under D(m, ce;), we have from the representation
P(x) = ZZ:O x?_k Py(x3, ..., xy) thatpolynomials P, € Py ,,,0 < k < n,areinvariant
under D(m, ce;). Hence, taking into account that P, are independent of x;, we conclude
that P, (px") = Py(x"),0 < k < n, for any x’ = (x, ..., x,,) and for every rotation p
of the subspace {x € R" : x; = 0} of R”. Then, by Proposition 4.1,

[k/2]
Py ooxm) = ) bj3 ++x0). 0<k<n
j=0

This implies

ko2 N ki 2l
P(x) = E Crxy(xy + -+ x,) = E dixy|x|™.
0<k-+21<n 0<k+21<n

Therefore, the proposition holds for Py (u, v) 1= Y (4 5=, ¢ Fdiu*v' if a = ce; and
x1 =c (xy, cep).

We now assume that a is a fixed vector from R” and P € P,,, invariant under
D(m, a). Let T € D(m) be the rotation such that t(|ale;) = a. Then the polynomial
Q(x) := P(tx) of degree at most n is invariant under D(m, |ale;). Indeed, for any
s € D(m, |ale;), there exists the only rotation s* := tst~! € D(m,a) such that
s = v~ 's*7. Since, for all x € R™,

Q(sx) = P(s"tx) = P(tx) = Q(x),
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we conclude that Q is invariant under D (m, |a|e;). Then using the validity of Proposition
5.1 for a = ce;, we obtain that

Q(x) = P(tx) = Z dy xk|x?.

0<k+2l<n
Hence, taking account of the identities
G x=@e);  (r'xe) =@ te) =lal T (x,a); |t x| =x],

wehave P(x) = Y _yy2<n di(x, @)¥|x|*. Thus the proposition is valid for Py (u, v) :=

"o kol
ZOSk+2I§n di utv'. u

Proof of Theorem 5.1. Since (sx,sa) = (x,a) for all s € D(m, a), the function
fx) = ¢(x|? (x,a)) is invariant under G,, = D(m, a) on V,,. Therefore, f €
F(V,,)", where T,y (x) = ¥ (sx), ¥ € F(V,),s € G, x € V,,. Next, |dets| = 1 for
all s € G,,, and we have from Example 2.2 that there exists a polynomial P* € P, ,, of
best approximation to f whose restriction to V,, is invariant under D (m, a). Since poly-
nomials P*(sx) and P*(x) coincide on the unit ball, we conclude that P*(sx) = P*(x)
forevery s € D(m, a) and all x € R™. Then the representation P*(x) = P(|x|?, (x, a))
follows from Proposition 5.1. [ ]

Approximation on the unit sphere $”~! is a popular topic in multivariate approxima-
tion. The Poisson kernel for the unit ball, the spherical Bernoulli function, and some
other kernels [17] have the form of f(x) = ¢((x, a)), where x € S" ' anda € §"!.
The following analogue of Theorem 5.1 for $”~! shows that there exists a polynomial
of best approximation to f of the same form.

Theorem 5.2. Let F(S™") be a Banach rearrangement-invariant space of functions
on S" ' and let f(x) = o((x,a)) € F(S"™Y), where ¢ : [—1, 1] — R is a function
of a single variable and a € S™" is a fixed vector. Then there exists a polynomial
P* € P, of best approximation to f of the form P*(x) = Pi((x, a)) for x € S"~1,
where P; € P, ;.

To prove the theorem, we need a spherical analogue of Proposition 5.1.

Proposition 5.2.  [fthe restriction Psn-1 of a polynomial P € P, ,, to S"~ is invariant
under D(m, a),a € S"!, then P(x) = P;((x, a)), where P; € Pn1and x € sm=1

It seems plausible that this proposition is a corollary of Proposition 5.1. However, we
could not prove it. That is why we give the direct proof of the statement.

Proof of Proposition 5.2. We firstassume thata = ¢; = (1,0, ..., 0). Since any rota-
tion about the x;-axis belongs to D (m, e1), Pgn-1 is constant on any (m — 2)-dimensional
sphere S, 2, = Su—1 NTII, where I1; := {x ¢ R" : x; = A}, -1 < 1 <1

(for m = 2, S,,_», consists of two points on S 1 symmetric about the x;-axis). There-
fore, Pgn-1 depends only on x;, and P(xy, X2, ...,X,) = P(x;,v1 —x12,0, ..., 0
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for x € §™~!. Since the transformation (x|, X2, X3, ..., X) — (X[, —X2, X3, . .., Xpn)
belongs to D(m, e;), Psn-1 is even in x;. Hence P(xy, v 1 — xlz, 0,...,0) = Pi(xy),
x € 8" ! where P, € P,.1. Therefore, Proposition 5.2 is established for a = e;.
Letnow a € S”~! be afixed point and let T € D(m) be the rotation such that te; = a.
Then the function Pgn-1(Tx) is invariant under D(m, e;) (see the proof of Proposition
5.1). Therefore, P(tx) = Py(x;) for P, € P, 1, x € S™=1 and it follows from (5.1) that
P(x) = P;((x, a)), x € S"!. This proves the proposition. |

Proof of Theorem 5.2. The function f is invariant under G,, = D(m, a) on S"!.
Therefore f € F(S™ 1O, where T,y (x) = ¥ (sx), ¥ € F(S"1),s € G, x € "L,
Since |dets| = 1 for all s € G,,, Example 2.2 implies that there exists a polynomial
P* € P, of best approximation to f whose restriction to $”~! is invariant under
D(m, a). Applying Proposition 5.2 to P = P*, we obtain that P*(x) = P;((x, a)),
x e sml [ ]

Remark 5.1. A weaker version of Theorem 5.2 and its applications in the case
F(S™ ' =L,(S""),1 < p < oo, was discussed in [17].

A Braess Problem. We apply Theorem 5.2 to the following problem posed by Braess
[10]. Let a € R™ be a fixed vector with r := |a| > 0 and let

. —A .
f)»,a,m(x) = |x - a| s flog,a,m(x) = 10g |)C - a|7 x e R".

In the univariate case, the asymptotic behavior of the error of best polynomial ap-
proximation of these functions has been studied by Bernstein. In particular, he proved
for r > 1 the following asymptotics as n — oo [5, Sec. 2.5, egs. (3.2) and (44bis)],
Akhiezer [1, p. 325]:

W — V2 =11 +o(1))
CONG? = P22
n= (= V2 = 1)1 + o(1))

(53) E(flog,a,lv Pn,l» C[_ls 1]) = (}"2 — 1)1/2 )

(52)  E(fra1, Pu1, CI=1 1] = L eR',

and extended (5.2)to0 <r <land X <0, A £ =2, —4,..., [6],[7],

(54)  E(fra1:Pur. Cl=1, 1) = (1 =rH™2E(f 0.1, Par. C[=1, 1)1 + o(1))
= M1 = r)MPBy) o1 (1 + 0(1)),
0<r<l,
2ME(f21.0.15 Pants CL=1, 1D(1 + o(1))
= n M2 By o (14 0(1)), r=1,

(55) E(f)\.,(l,l? Pn,lsc[_la 1])

where B, «,1 is the Bernstein constant defined in (4.1). Note that extensions of (5.4) to
more general sets were obtained by Vasiliev [46] and Totik [44].
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Recently, Braess [10] investigated the behavior of E(f; 4.2, Pn.2, C(V2)) for A > 0
and r > 1 in connection with some numerical problems of elliptic equations. Using
the ingenious Newman trick of transition from a univariate complex approximation to a
bivariate real one, he proved the following estimates for A > O and r > 1:

(5.6) Ci(r, )n~'r™ < E(fr.a2, Pua, C(V2)) < Co(r, )n+1r",

where the lower estimate was established under the conditions » > 3 or0 < A < 2.In
addition, he mentioned that the similar estimates were valid for E ( fiog,a,2, Pn,2, C(V2)).
In his paper Braess states that it is an open problem whether the lower bound in (5.6)
also holds if » gets closer to 1 and if A is large.

Here we show that better estimates than (5.6) are valid for all » > 1 and all A €
R', A # 0, =2, .... Moreover, we extend them to m-variate approximation and to the
functions f 4» and fioga,m, m > 2. In addition, we establish precise estimates for
E(fr.ams Pom,C(Vyy)) inthecase 0 < r < 1, A < 0, A # —2,—4, ..., which for
r =1, m > 2, are surprisingly different compared with (5.5).

Our proof is based on orthogonal expansions, invariance of a polynomial of best
approximation on the unit sphere, and relations (5.2)—(5.5).

Theorem 5.3.

(a) Foranya € R" with |a| =r > 1 andany . € R', A # 0, =2, ..., the following
estimates hold:

(57) C3(V, )\)n)\/zilrin =< E(fk,a,m, Pn,ma C(Vm)) < C4(}’, )»)nl‘*lr*",
(5.8) Cs(rn~'r ™ < E(fiog.ams Pam, C(Vin)) < Co(ryn~'r ™,
where
' =2 2 <o

In addition,

(510)  lim (E(fiam: Pum: COuN'™ = im (E(fiog.am: Pum: C (V)"

=l

(b) Foranya e R" with|la| =r € (0, 1]andany A <0, A # =2, —4, ...,

(5.11) C7(r, n™™ < E(fiams Pums C(Viy)) < Cs(r, Mn~ M.
In addition,
(5.12) tim 1™ E(fi.om: Pams € (V) = Bijoc,1-

Proof. We first note that (5.10) immediately follows from (5.7) and (5.8) while (5.12)
is a direct consequence of (4.2). Next, we prove upper and lower estimates in (5.7), (5.8),
and (5.11).
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Upper Estimates. We first assume that » > 1. Using generating function relations for
the Gegenbauer polynomials C,Et) and the Chebyshev polynomials 7 of the first kind
(see [40, eqs. (4.7.23) and (4.7.25)]) we have, forx € V,, and A e R', A #£0, =2, ...,

> k
(5.13) x —a|™ = r—,\zclgx/z) <(x,a)) (m) ’
=0 rlx| r

> xoa)\ ()
(5.14) —log|x —a| = —logr+2» k™'T; <—> (—) .
= rix| r

Next, it is easy to see that if a polynomial P, € Py is even for an even k and odd for an

odd k, then the function P ((x, a)/r|x|)(|x|/r)k belongs to Py, k =0, 1, .... There-

fore, the nth partial sums of the series in (5.13) and (5.14) are polynomials from P,, ,,.
Then, taking account of the estimate [40, Sec. 7.33(1)],

ICH ey < COOR!, k=0,1,...,

where u is defined by (5.9) we get, from (5.13),

s (50
AN A

o0
< C(r, M) Z KR < Cou(ry Mt
k=n+1

E(f)u,a,mv Pn,m» C(Vm)) < r_)L max

[x|<1

In addition, since ||T|/c[—1,1; = 1 we have, from (5.14),

> e (S2) (1)
el rixl S\ r

o0
<2 Z k' F < Co(r, n e,
k=n+1

E(fiog,ams Pam, C(Vin)) < 2max

lx|<1

Thus the upper bounds in (5.7) and (5.8) are established.
Further, let0 <7 < 1,A <0, A # —2, —4,.... Then, by (5.12),

E(f)»,a,m’ pn,ma C(Vm)) = E(f)»,O,ms Pn,m’ C(Vm - a))
(L+MEfs 0ms Pams C (Vi)
Cs(r, n~ .

IA

IA

This establishes the upper estimate in (5.11).

Lower Estimates. We first note that the restriction of any polynomial from P, ,, to
the line L := {x € R™ : x = ta/r,t € R!}, passing through the origin and a, is
a polynomial in a single variable t € R! of degree at most n, and the restriction of
fk,a,m(x) to L is fk,r,l(t)~ Hence,

(515) E(f)»,a,ms Pn,ma C(Vm)) > E(f)\,r,l» Pn,lv C[—l, 1])
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Therefore, the lower estimate in (5.11),inthecase 0 <r < 1,A <0, A # =2, —4, ...,
follows from (5.15) and (5.4).
All other lower estimates are based on the following result.

Proposition 5.3. Foranya € R" with|a| =r > landeveryp € C[(r—1)2, (r +1)?],
(5.16)  E(p(Ix —al?), P, C(Vi)) = E(@, Po 1, CLr = 12, (- + ).
Proof. The restriction of ¢(]x — a|?) to the unit sphere S”~! is the function ¥ (x) =

©(1 — 2r(x,b) +r?), where x € "' and b = a/|a| € S"~'. Then, by Theorem 5.2,
there exists a polynomial P; € P, | such that

(5.17)  E@W, P, C(S"1) = max |o(1 = 2r(x, b) + 1) — Pi((x, b))

xesm-
1+r2—y
o (272
p

= max
yel(r=1)2,(r+1)?]

E(@, Pu1, CL(r — 12, (r + D).

v

Now (5.16) follows from (5.17) and a trivial inequality
E(p(Ix — al®), Pum: C(Vi)) = E(Y, Py, C(S™H).

This proves the proposition. [ ]

Now we are in a position to complete the proof of Theorem 5.3. First let r > 1. Then,
by Proposition 5.3,

(5:18) E(foams Pams C(Vi)) = EQ 2 Puy, Cl(r — 1), (r + D)

e —3/2
_ <2r>*/2E< (% _ z) P, Cl—1, 11>,
r

reR!,

v

(5.19)

E(fog.ams Pums C(Vi)) = (HE(ogy, Pa1, Cl(r — 1?, (r + 1)*])

1+ r2
= )E (log( > —t>,73,1,1,C[—1, 1]).

Thus the lower estimates in (5.7) and (5.8) forr > 1and » € R!, A #0,-2,..., follow
from relations (5.2), (5.18) and (5.3), (5.19), respectively.
Next,letr = 1 and A < 0, A % —2, —4, . ... Then, by Proposition 5.3,

v

E(fo.ams Pum> C(Vy)) = 27*E(y™*% P, 1, C[0,4]) = E(y™*?,P,.1, C[O, 1])
= E(|t|™, Pan1, C[—1,1]) = C7(1, )n~ .

This establishes the lower estimate in (5.11) for r = 1. Therefore, the proof of Theo-
rem 5.3 is completed. [ ]
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Remark 5.2. Note that for a # 0, fi .. is a function of |x|> and (x, @). Then, by
Theorem 5.1, there is a polynomial P* € P, , of best approximation to f3 4., in C(V,,)
of the form P*(x) = P»(|x|?, (x, a)), where P, is a bivariate polynomial. Therefore, for

r #0,
E(fk,a,ma Pn,ma C(Vm)) = E(‘/f)\,ra Pn,2a C([O, 1] X [_L 1])) =E(fk,a*.2a Pn,Zy C(V2))’

where a* := (0,r) € R? and YU, v) = (u? — 2rv 4+ r¥)~*2. This shows that the
m-variate problem can be reduced to the bivariate Braess one. Nevertheless, the problem
of estimating E (Y, Pu.2, C([0, 1] x [—1, 1])) appears to be difficult, and we use a
different approach to the proof of Theorem 5.3.

Remark 5.3. Theorem 5.3 establishes the exact order of decay of E(fi.am, Pum,
C(V,)) for A <0,

)L/Zflr.fn7

n
E(fA,a,ma Pn,ma C(Vm)) ~ {n—)» 0 <r<l.

In addition,
E(fiogams Pams CVu)) ~n~'r ™™, r> 1.

The problem, whether multivariate analogues of asymptotics (5.2), (5.3), and (5.4) are
valid, is open.

6. Approximation of Radial Functions by Entire Functions of Exponential Type

An Invariance Theorem. The following result shows that entire functions of best
approximation to radial functions are radial as well.

Theorem 6.1. Let F(R™) be a Banach rearrangement-invariant space of functions
on R™, satisfying the UEC from Example 2.3. If f(x) = ¢(|x]) € F(R™), where
¢ : (0, 00) — R is a function of a single variable, then there exists an entire function
g" € By, o) N F(R™) of best approximation to f of the form g*(x) = gi(|x|), where
g1 € B, is an even function of a single variable.

The proof is based on Example 2.3 and on the following analogue of Proposition 4.1.

Proposition 6.1.  If the restriction of g € By, () to R™ is invariant under the rotation
group D(m), then g*(x) = gi1(|x|), where g1 € B, is an even function of a single
variable.

Proof. Writing g(x) = Z,fozo Py (x), where Py € Py, is a k-homogeneous component
of the Taylor expansion for g, k = 0, 1 .. ., we have that for any ¢ > 0, every s € D(m),
and each x € R”, the following identities hold:

D Pux) = glex) = gle(sx)) = ) & Piuls).
k=0 k=0
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Hence Py (sx) = Py (x), k=0, 1, ... foreverys € D(m), and each x € R™. Therefore,
by Proposition 4.1, P;(x) = O for an odd k and P(x) = cx|x|* for an even k, k =
0,1,...,x € R™. This implies that g(x) = Z;O:() czp|x|2”. It remains to show that the
function g (u) := Z;ozo cz,,u2P belongs to B, . Indeed, since g € By, ) we have, for
any ¢ > Oand any z = (24, ..., Zm) € C",

o0 m P m
2
2 (23 P
p=0 =1

C(e, g)exp ((1 +¢&) sup

lg(2)| = <
j 1eVu(o) | j=1
m 1/2
= C(e, g)exp ((1 +&)o <Z |Zj|2> )
=1
Hence, setting z, = - - - = z,, = 0 we have, for any z; € C!,
= 2
g1zl =|) 2p2)"| < C(e, @) exp((1 + &)a|zy ).
p=0
Thus g; € B,. |

Proof of Theorem 6.1. The function f is invariant under the compact group G,, =
D(m). Therefore, f € F(R™)S", where T, (x) = ¥ (sx), ¥ € FR™),s € Gy,
x € R™. Next, V = V, (o) satisfies the Transpose Condition from Example 2.3 since
for any orthogonal matrix s € D(m) and every x € V, (o), s'x = s™'x € V,(0).
Thus, all the conditions of Example 2.3 are satisfied. Then there exists an entire function
g" € By, ») N F(R™) of best approximation to f whose restriction to R is invariant

m

under D (m). Finally, applying Proposition 6.1 to g = g*, we establish Theorem 6.1. W

Remark 6.1. Theorem 6.1 holds for F(R™) = C(R") and F(R") = L,(R"), 1 <
p < 00, since these spaces satisfy the UEC (see Remark 2.5).

Approximation of |x|* in L;(R?). We shall apply Theorem 6.1 to approximation of
fi(x) := |x|*, x € R?, by functions from By, ) in the metric of L(R?).

Theorem 6.2. Fori > 0,1 #2,4,...,

(6.1)  E(f3 Bvyo), Li(R?)) = 8[sin(rA/2)|T (A +2)0 2 "2k + 1),
k=0

Proof. Step 1. Since f; ¢ L;(R?), we first prove that for every ¢ > 0 there exists a
radial function g(x) = g.(|x|) € By,(), where g, € B, is even, such that the following
inequalities hold:

(6.2) lg-(IxD)] < C1+ 1x)Y, xeR?,

(6.3) [IxI* — ge(xD] < CA+1x»)7%,  xeR?,



Invariance Theorems in Approximation Theory 315

where N > 0 is an integer. To prove it, we introduce the function (0 < a < b),

0, x| < a,
Vo (¥) = { ¢ [Mexp(— — a)2(b — ) 2)du, a < |x| <b,
L, |x| > b,

where ¢ = (fab exp(—(u — a)~2(b — u)~?)du)~'. Then v » is a radial infinitely
differentiable function on R? and Yep2,6(x) = 0 for |x| < &/2 and ¥, .(x) = 1 for
lx| > e.

Next we note that the Fourier transform of the tempered distribution f; form = 2 and
A>0is

F(f)(y) = a2 /2+ 1D/T(=2/2))|y| 772, y e R,
(see [25, Sec. 2.3.3]). Then the function £ := > . F(f;.) satisfies the conditions

02y (x)

T CLIR), 0<h+hs4
1 2

Therefore, the inverse Fourier transform F~!(h,) satisfies the inequality
6.4) F )@ = CA+1x)7 xeR%

Further, the function H := F(f,) — h, is a tempered distribution with the support in
V, (). Then by the generalized Paley—Wiener theorem [37, Theorem 7.23], the function
g := F~'(H) belongs to By, and has polynomial growth on R?, that is,

(6.5) lg(x)] < €+ [x|HY

for some integer N > (0. Moreover, g is invariant under D(2). To prove this statement,
we use the following fact [25, Sec. 2.3.1]: if a tempered distribution f of m variables is
invariant under D (m), that is, f satisfies the condition f(sx) = f(x) forall s € D(m),
then F(f) and F~'(f) are invariant under D(m). Hence, the tempered distributions
F(f.), hy, and H are invariant under D(2), consequently, g = F~'(H) is invariant
under D(2) as well.

Next, by Proposition 6.1, g(x) = g.(|x|), where g. € B; is an even function. Since
F(hy)(x) = fi(x) — ge(|x]), inequalities (6.2) and (6.3) follow from (6.5) and (6.4),
respectively.

In particular, (6.3) implies that

(6.6) I £ — ge( - DIz, ey < 00
and, in addition,
(6.7) lt(lt]* — gDl < CAL+[t1H7",  teR.

Step 2. Since, by (6.6), f.(x) — g:(|x]) € L{(R?), we can apply Theorem 6.1 to
f(x) = fi(x) — g.(Ix]) and F(R?) = L;(R?). Then there exists an even function
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8o € B, such that, foro > ¢,

E(fi — 8- 1), Bvyio) L1(R?))
lfr—ge(-1)—go(l- |)||L.(R2)
mE(t|* — g(t), Bs, L1,(R")),

(6.8) E(fi, Buyo), L1(R%)

where ||, &) := [pi [th ()| dt.

This shows that a bivariate approximation problem is reduced to a univariate approx-
imation problem in a weighted L;-space. To solve the latter one, we first establish the
following equality:

(6.9) E(1]" = g:(t), By, L1,(R"Y)) = E(t(jt|* — g:(1)), B5. L1(R")),
where ¢ (|t|* — g.(1)) € L{(R"), by (6.7). Indeed, the inequality
(6.10)  E(t|* — g:(t). By, L1,(R")) > E(t(|t|* — g (1)), Bs, L1(R"))
is trivial. Next, let G, € B, satisfy the equality

E((t]* = g:(1)), By, LiRY) = [l1(|t]* — g:(1)) — Gollz, )

Without loss of generality we can assume that G, is an odd function. Then G (¢) :=
G,(t)/t € B, and we have

6.11)  E@(1]* = g:(1), By, Li(RY))

A
el — ge (1) — GollL,, ey

E(|t]* — ge(t), By, L1, (RY).

IV

Thus (6.10) and (6.11) imply (6.9).

Step 3. Next we find the Fourier sin-transform of the function ¢|¢|* — tg,(¢), which is
integrable on R! by (6.7). Namely, we prove that, for |y| > ¢,

(6.12) A(y) = / (t|t]* — tge(2)) sinty dt
R!
= —2sin(A/2)T(A +2)|y|*2signy.
Let S(R!) be the Schwartz class of all rapidly decreasing functions on R'. Then

denoting the right-hand side of (6.12) by ¢(y) we have, for any h € S(R') with its
support outside [—e, €],

(6.13) /(tltl‘—tga(t))f(h)(t)dt=/ tltl*f(h)(t)dt—/ 18- () F(h) (1) dt,
RI RI RI

where the second integral in the right-hand side of (6.13) exists by (6.2). Next, again
using the generalized Paley—Wiener theorem [37, Theorem 7.23], we have

(6.14) f tg. () F(h)(t)dt = 0.
R!
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Further, it is known [25, eq. (2.3.13)] that

(6.15) / tit* Fh) (1) dt = / eh(@)dt = / o)h(t)dt.
R! R! |t|>e
Thus (6.13), (6.14), and (6.15) imply the equality
(6.16) / (t|t]* — 18 (D)) F(h) (1) dt = / e)h()dr.
R! lt]>&

Finally, choosing & in (6.16) as a peak delta-like function from S(R'), supported in the
interval [y — 8, y + 8] with 0 < § < |y| — ¢ and letting § — 0, we arrive at (6.12).

Step 4. Finally, we prove (6.1). It follows from (6.7) and (6.12) that the function
Y (1) := —sign(sin(wA/2))(¢t|t|* — tg:(t)) satisfies the following conditions of the Sz.-
Nagy criterion [41], [1, Sec. 88] for approximation in Li(RY by entire functions of
exponential type: v is an odd function, satisfying | (t)] < C(1 + ¢*)~! by (6.7), and
the following inequalities hold for its sin-transform A (y) := —sign(sin(wA/2))A(y),
where A is defined in (6.12),

A(y) > 0, A(y) <0, Af(y) >0, y > €.

Then, foro > ¢,

6.17)  E(t(|t]" — g:(1), By, L1(R"))

4 Z A1 ((2k + Do)
2k + 1

(8/m)|sin(wr/2)|T (A +2)o 72

x Z(zk + D3,

k=0
Thus, (6.1) follows from (6.8), (6.9), and (6.17). |

Remark 6.2. Comparing (4.6) and (6.1), we see that the following relation holds:
6.18)  lim n**2E(x[*, Pya. L1(V2)) = E(lxl*, Bray. Li(R?), 2 >0.

Actually, (6.18) is a special case of more general relations (the so-called limit theorems)
of the form
(6.19) hm E(f, Pom, Lp(nVy,)) = E(f, By,

m

> Lp(R™)), 1 <p<oo,

which are valid for all measurable functions f of polynomial growth on R provided
that the right-hand side of (6.19) is finite (see [16], [20]). Note that a version of (6.19)
for the uniform metric holds as well [16], [20].

Remark 6.3. A general approach to Markov-type theorems in L;(R™), m > 2, for
radial integrable functions was developed in [18], [19]. Note that the Sz.-Nagy criterion
cannot be applied for m > 2, and computation of E(|x|*, Py, L1(V,y)) appears to be
a difficult problem for m > 2.
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7. Approximation in Higher Dimensions

Here we discuss approximation in higher dimensions when a function f(x), x € €,
depends only on variables xi, ..., x;, | <k < m,m > 2. In this section we shall use
the following notation: for a vector o = (o7, ..., 0,,) With positive coordinates we set
[i(o) := {x € R*: |xj] < 0j,1 < j < k} to be a rectangular parallelepiped in RF,
1 <k<m.

Theorem 7.1. If f € C(R™) depends only on variables xy,...,x;, 1 < k < m,
m > 2, then there exists an entire function g* € By, r) N C(R™) such that it depends
only on xy, ..., x; and

(7.1)  E(f. Bn, NCR"),CR™) = E(f. Bn,@ N CR"), C(RY)

m

= [If = g lcwy-

Note that a function f € C(R™) depends only on variables x,...,x;, 1 < k < m,
m > 2, if and only if f is invariant under the group G, of all shift transformations s of
the formsx =x+(0,...,0, Tey1, ..., Tn), where 7; € RLk+1< j < m. Therefore,
f e CR™MS for Ty (x) = Y(sx), ¥ € CR™),s € G,, x € R". However, we
cannot use invariance theorems from Section 2 because G, is a locally compact group.
That is why we give the direct proof of the statement.

Proof of Theorem 7.1. We first note that there exists a function go € By, (o) N C(R™)
of best approximation to f. This follows from Proposition 2.2 and from the fact that
B, o) N C(R™) satisfies the GCC (see the proof of Corollary 2.1 and Remark 2.5).

m

Next, let us consider a sequence of functions

M, M,
gn(x) := (2M,,)""”/ / g0(x + d Ty ... dTy, n=12,...,
-M, M,

where {M,}77 | is an increasing sequence of positive numbers with lim,,_, o, M, = o0,

and T € R" is an arbitrary vector of the form 7 = (0, ..., 0, Try1, ..., Tn).
Then sup, llg:llcrny < llgollcr) and g, € Bn, ), n = 1,2,.... Next, using

Lemma 2.1(b), we can assume without loss of generality that there exists g* € B, (o) N
C(R™) such that

(72) Tim g, (x) = g*(x)
uniformly on any compact in R™. Further, by (7.2), for an arbitrary vector
y=10@,...,0, Yt1, - --, ym) € R™ and for any compact K C R" we have

max lg"(x +y) —g" )| = Jim max lgn(x +y) — gu(x)]
< llgollc@n (M) ™ Vol ((Qu,\(Qu, + ¥ ) U (Qu, + Y)\Om,))
=0.

Here, ¥ := (Jkt1s--., Ym) € R *and Q, ;= {x e R"* 1 |x;| <a,k+1<i <m}
is a cube in R"™~*, Therefore, g* depends only on xy, ..., xg.
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Furthermore, it follows from (7.2) that, for any compact K € R™,

lim max | f(x) — g, (x)|

n—>o00 xek

max | f(x) — go(x)| = E(f. B, @) N C(R™), C(R™)).

max |f(x) = g"(x)]

IA

Therefore, g* € B, (o) N C(R™) is a function of best approximation to f. Since, by the
definition, g* € Bn,, (o if and only if, for any z € C" and any ¢ > 0,

8% @1 zm)] < Cle. g exp [ (L+2) Y oylzl )
j=1

we have
k

18* @1 2| = 185 @1 20,0, ) < Cle, g exp [ (1 +0) Y 0yl
j=1

Hence the restriction g, of g* to RF belongs to By, (o) N C(R¥). In addition, it is easy
to see that gg. € B0y N C (R¥) is the function of best approximation to fg« in C (RY).
Consequently,

E(f, B0y N C(RY), C(RY)) If—g&*llecws = IIf — & llewn

E(f, Bn, @ N CR"), C(R™)).

This yields (7.1). |

Remark 7.1. A similar invariance result for approximation of continuous functions
on T™ by trigonometric polynomials from 7ty (,) follows from Theorem 2.2. A nonpe-
riodic analogue of this result for polynomial approximation on the m-dimensional unit
cube follows directly from the periodic case by the standard substitution x; = cost;,
1<i<m.

Acknowledgment. The author thanks Professor Franz Peherstorfer for providing ref-
erences [30], [32], and [36].
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